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We study the role that a cosmic triad in the generalized SU(2) Proca theory, specifically in one
of the pieces of the Lagrangian that involves the symmetric version Sµν of the gauge field strength
tensor Fµν , has on dark energy and primordial inflation. Regarding dark energy, the triad behaves
asymptotically as a couple of radiation perfect fluids whose energy densities are negative for the
S term but positive for the Yang-Mills term. This leads to an interesting dynamical fine-tuning
mechanism that gives rise to a combined equation of state parameter ω ' −1 and, therefore, to
an eternal period of accelerated isotropic expansion for an ample spectrum of initial conditions.
Regarding primordial inflation, one of the critical points of the associated dynamical system can
describe a prolonged period of isotropic slow-roll inflation sustained by the S term. This period
ends up when the Yang-Mills term dominates the energy density leading to the radiation dominated
epoch. Unfortunately, in contrast to the dark energy case, the primordial inflation scenario is
strongly sensitive to the coupling constants and initial conditions. The whole model, including the
other pieces of the Lagrangian that involve Sµν , might evade the recent strong constraints coming
from the gravitational wave signal GW170817 and its electromagnetic counterpart GRB 170817A.
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Introduction - The vector sector of gauge field theo-
ries is built from the gauge field strength tensor Fµν , its
Hodge dual F˜µν , and, if the gauge symmetry is sponta-
neously broken, from the vector field Aµ [1]. General-
ized Proca theories have taught us that, when the gauge
symmetry is explicitly broken, the vector sector of these
theories is also built from the symmetric version Sµν of
Fµν [2, 3] (see also Refs. [4, 5]). The cosmological impli-
cations of Fµν , F˜µν , and Aµ have been well investigated
in the literature (see, for instance Refs. [6–8]) but lit-
tle has been said about Sµν . In this paper, we study
the cosmological implications of a cosmic triad [9] in the
vector-tensor Horndeski theory, also called the theory of
vector Galileons, endowed with a global SU(2) symme-
try. In particular, we analyse the Yang-Mills Lagrangian
together with L14 ⊂ L4, it being one of the pieces of the
generalized SU(2) Proca Lagrangian [10] that contains
contractions of two Sµν . We have found an asymptotic
behaviour in which the cosmic triad under L14 behaves as
an almost radiation-like perfect fluid with negative en-
ergy density and pressure whose absolute values matches
almost precisely those of the radiation perfect fluid com-
ing from the same cosmic triad under the Yang-Mills La-
grangian. The system exhibits an interesting dynami-
cal fine-tuning mechanism which results in a combined
equation of state parameter ω ' −1 and, therefore, in an
eternal isotropic inflationary period; this makes of this
model an ideal candidate to explain the dark energy. We
have also explored the dynamical system associated to
this model and we have found that one of the critical
points may correspond to a prolonged period of isotropic
slow-roll accelerated expansion. This is a saddle point,
i.e., it represents a transient state of the dynamical sys-
tem so that the inflationary period comes naturally to
an end, this being replaced by a radiation dominated pe-
riod by virtue of the Yang-Mills Lagrangian; this model
would be an ideal candidate to explain the primordial
inflation were it not for the necessary judicious choosing
of initial conditions and parameters in the action. The
purpose of this paper is to isolate and understand the cos-
mological implications of L14 despite of being apparently
strongly constrained [11–15] by the recent observation of
the gravitational wave signal GW170817 [16] and its elec-
tromagnetic counterpart GRB 170817A [17, 18] 1. The
1 We say “apparently strongly constrained” because there does
not exist a formal proof of it. The analyses so far done are for a
scalar Galileon [12–15] and for the generalized Proca action for
an Abelian vector field [11].
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2purpose is reasonable since the generalized SU(2) Proca
Lagrangian contains L4 ≡ αL14+κL24+λL34, α, κ, λ being
constants, where a relation between α and κ might be es-
tablished so that the gravitational waves speed matches
that of light2. In such a scenario, although α, κ 6= 0 in
principle, κ being a function of α, it might happen the
cosmological implications of L14 are not counterbalanced
by those of L24. We will analize such a scenario and the
whole cosmological implications of αL14 + κL24 ⊂ L4 in a
forthcoming publication.
Generalized Proca theories and the cosmic triad - Gen-
eralized Proca theories are built following the same con-
struction idea of the Galileon-Horndeski theories [4, 19].
Whatever choices Nature had to define the action, once
the field content and the symmetries were decided, all of
them must comply with a Hamiltonian bounded from be-
low. And this may be possible, according to Ostrogradski
[20], if the dynamical field equations are, at most, second
order in space-time derivatives. If the latter condition
were not satisfied, the system would generically enter in
a severe instability, called Ostrogradski’s, both at the
classical and quantum levels [21, 22]. The traditional ap-
proach to construct such theories is by employing scalar
fields as the field content [23–28]. Nothing significantly
new, compared to the usual canonical kinetic term, is ob-
tained when employing, instead, an Abelian gauge field
[29, 30]. Hence, having new phenomenology requires no
longer invoking gauge symmetries, i.e., it requires a gen-
eralization to the Proca action. Such a generalization was
performed in Refs. [2, 3, 31–34] where it was recognized
that, besides Fµν and its Hodge dual F˜µν , the action is
also defined in terms of Aµ and the symmetric version
Sµν of Fµν : Sµν ≡ ∇µAν + ∇νAµ. The application of
all these ideas to non-Abelian theories culminated in the
construction of the generalized SU(2) Proca theory [10]
(see also Ref. [35]). An interesting aspect of this theory
is the explicit violation of the SU(2) gauge symmetry
which allows a mass term and its generalizations written
in terms of the non-Abelian versions of Aµ, Fµν , F˜µν , and
Sµν . Another interesting aspect is the global character
of the SU(2) symmetry which might play an important
role in particle physics3. A third interesting aspect is
the possibility of using a cosmic triad [9], a set of three
vector fields mutually orthogonal and of the same norm,
which corresponds to an invariant configuration both un-
der SU(2), for the field space, and SO(3), for the phys-
2 The cosmological implications of L34 were reported in Ref. [4].
For its own existence, this parity-violating term requires not
only at least one non-vanishing temporal component but also
a non-orthogonal configuration for the triad, potentially gener-
ating anisotropies in the expansion in conflict with observations.
3 Global continuous symmetries are important in particle physics,
say, for example, in the solution to the strong CP problem via
the spontaneous breaking of the U(1) global symmetry imposed
by the Peccei-Quinn mechanism [1].
ical space, in agreement with the local homomorphism
between these two groups. The cosmic triad configura-
tion has been employed before [36–42] and, at least in
the Gauge-flation scenario [36, 37], its naturalness has
been shown in the sense that it is an attractor in a more
general anisotropic setup [43]. The cosmological impli-
cations of the generalized Proca theory for an Abelian
vector field have been recently studied [32, 44–47] but
always working with a time-like vector field so that the
spatial components are chosen to vanish, avoiding this
way disastrous anisotropies4. In contrast, the isotropic
configuration provided by the cosmic triad, although the
latter is composed of vector fields that inherently define
privileged directions, is amply favoured by cosmological
observations. It is the purpose of this paper to focus
on the spatial components of a triad of space-like vector
fields.
The non-Abelian S terms and the considered model -
The Lagrangian of the generalized SU(2) Proca theory
is composed of several pieces that are described in Eqs.
(96) - (99) of Ref. [10]. Of particular importance is
L4 which is characterized by the two first-order covari-
ant space-time derivatives of Aµ that each of its terms
contain (except for the non-minimal coupling to gravity
terms):
L4 ≡ αL14 + κL24 + λL34 , (1)
with α, κ, λ ∈ R and where5
L14 ≡
1
4(Ab ·A
b)
[
Sµaµ S
ν
νa − Sµaν Sνµa +Aa ·AaR
]
+12(Aa ·Ab)
[
Sµaµ S
νb
ν − Sµaν Sνbµ + 2Aa ·AbR
]
,(2)
L24 ≡
1
4(Aa ·Ab)
[
Sµaµ S
νb
ν − Sµaν Sνbµ +Aa ·AbR
]
+12(A
µaAνb)
[
SρµaSνρb − SρνaSµρb −AρaAσbRµνρσ
− (∇ρAµa) (∇ρAνb) + (∇ρAνa) (∇ρAµb)
]
, (3)
L34 ≡ G˜bµσAµaAνbSνσa . (4)
In the previous expressions, gauge indices run from 1 to
3 and are represented by Latin letters, space-time indices
run from 0 to 3 and are represented by Greek letters, R
4 An exception is the model studied in Ref. [48] where a triad of
space-like Abelian vector fields is considered so that the tempo-
ral components are chosen to vanish. The results of this work
are very interesting despite the unnaturalness of the triad config-
uration when there is no an underlying global SU(2) symmetry.
5 The difference between our L14 and that in Ref. [10]
is [(Ab ·Ab)GµaνG νµa + 2(Aa ·Ab)GµaνGb νµ ]/4. Likewise,
the difference between our L24 and that in Ref. [10] is
[(Aa ·Ab)GµaνGb νµ − 2(AµaAνb)(G ρµaGνρb −G ρνaGµρb)]/4.
These differences formally belong to L2 ≡ L2(Aaµ, Gaµν , G˜aµν) in
Eq. (96) of Ref. [10].
3is the Ricci scalar, Rµνρσ is the Riemann tensor, Gaµν is
the Abelian version of F aµν :
Gaµν ≡ ∇µAaν −∇νAaµ , (5)
G˜aµν is the Hodge dual of Gaµν , and Saµν is the symmetric
version of Gaµν :
Saµν ≡ ∇µAaν +∇νAaµ . (6)
It is very important to notice that the third line of L24,
formed by products of two first-order covariant space-
time derivatives of Aµ, cannot be written either in terms
of F aµν , F˜ aµν , or Saµν , this line being a specific term to
the non-Abelian nature of the theory [10]. As such, it
vanishes in the Abelian case so that L14 + L24 reduces to
−A2[(Sµµ)2 − SσρSρσ] + 14A4R which is part of the cor-
responding L4 in the generalized Proca theory for an
Abelian vector field [4]. This is the reason why we will
denote L14 and L24 as the non-Abelian S terms. In this
paper, we will analyse the cosmological consequences of
the non-Abelian S term in the action
S =
∫
d4x
√
− det (gµν) (LE−H + LYM + αL14) , (7)
where gµν is the metric tensor, LE−H is the Einstein-
Hilbert Lagrangian,
LYM ≡ −14F
a
µνF
µν
a , (8)
is the canonical kinetic term of Aµ, and
F aµν ≡ ∇µAaν −∇νAaµ + gabcAbµAcν , (9)
where g is the coupling constant of the group whereas the
group structure constants are given by the Levi-Civita
symbol abc.
The autonomous dynamical system - In order to sus-
tain a homogeneous and isotropic background, the cosmic
triad is described by
Aaµ = aψδaµ , (10)
where aψ represents the homogeneous norm of the triad
and a is the scale factor in the Friedmann-Lemaitre-
Robertson-Walker spacetime. In terms of the dimension-
less quantities
x ≡ ψ˙√
2mPH
,
y ≡ ψ√
2mP
,
z ≡ ψ√
2mPH
, (11)
where mP is the reduced Planck mass, H is the Hubble
parameter, and a dot represents a derivative with respect
to the cosmic time t, the field equations coming from the
terms proportional to δgµν and δAµ in δS = 0, with S as
in Eq. (7), turn out to be
y2 + 2xy + x2 + 2g2z4 + α(−32y4 − 188xy3 + 10x2y2)
= 1 , (12)
y2 + 2xy + x2 + 2g2z4
+α(−340y4 + 124y4+ 316xy3 + 614x2y2 + 104
√
2y3p)
= −3 + 2 , (13)
p√
2
+ 2y + 3x− y+ 4g2 z
4
y
+α(−218y3 + 30xy2 + 94y3+ 10x2y + 5
√
2y2p)
= 0 , (14)
where
p ≡ ψ¨
mPH2
, (15)
is a dimensionless quantity and
 ≡ − H˙
H2
, (16)
is one of the standard slow-roll parameters. Eq. (14) is
redundant, it being already included in the Einstein field
equations (12) and (13). However, in a dynamical sys-
tems approach, Eq. (12) acts as a constraint for the di-
mensionless parameters x, y, z whose evolution equations
are
x′ = p√
2
+ x , (17)
y′ = x , (18)
z′ = z
(
x
y
+ 2
)
, (19)
whereas Eqs. (13) and (14) serve as a way to solve both
p and  in terms of x, y, z. In the previous expressions, a
prime represents a derivative with respect to the e-folds
number N ≡ ∫ Hdt.
Asymptotic behaviour and dark energy - This au-
tonomous dynamical system enjoys a nice asymptotic
behaviour that leads to the description of two coexis-
tent but artificial radiation perfect fluids, one associated
to the Yang-Mills Lagrangian with both positive energy
density and pressure which we will call the positive fluid,
and the other associated to the S term with both neg-
ative energy density and pressure which we will call the
negative fluid. Such asymptotic behaviour is given by
y → βx ,
z → γx ,
x→∞ ,
when N →∞ , (20)
4with β, γ ∈ R. Indeed, Eq. (18) is consistent with this
behaviour as x′ − β−1x = 0, i.e., x ∝ eN/β → ∞. As
can be checked, Eqs. (12) and (17) - (19) are satisfied
simultaneously in the asymptotic regime for
β = 2911 ,
γ =
√
29(42837α)1/4
11
√|g| , (21)
which, in turn, makes  → 0 (and, therefore, ω → −1).
Negative values for α would render γ ∈ C disabling the
asymptotic behaviour; in contrast, positive and negative
values for g are allowed. Figs. 1a and 1b show the asymp-
totic behaviour for y/x and z/x for a chosen set of ini-
tial conditions. As stated before, the system exhibits an
asymptotic dynamical fine-tuning mechanism, as the ab-
solute values of the energy densities of the negative fluid
(|ρα|) and of the positive fluid (ρYM) grow exponentially
but, nevertheless, matches almost precisely, irrespective
of the initial conditions6, so that ρtot = ρYM + ρα ap-
proaches a finite constant value. To see this, we can
easily extract Ωα ≡ ρα/ρtot and ΩYM ≡ ρYM/ρtot from
Eq. (12):
ΩYM = y2 + 2xy + x2 + 2g2z4 ,
Ωα = α(−32y4 − 188xy3 + 10x2y2) , (22)
and check that in the asymptotic limit given by Eqs. (20)
and (21), ρα → −ρYM. This is confirmed by the numeri-
cal solution presented in Fig. 1c. Fig. 1d shows the ex-
ponential growth with N of both ΩYM and |Ωα| whereas
Fig. 1e reveals the predicted behaviour for ρtot ∝
√
H.
As observed in the figures, the apparent breakdown of
the classical regime due to the exponential growth of the
absolute values of the energy densities is disproved by the
good behaviour of H < mP . The equation of state pa-
rameter for each fluid can also be studied by extracting
the pressures PYM and Pα from Eqs. (12) and (13):
PYM =
ρtot
3 (y
2 + 2xy + x2 + 2g2z4) ,
Pα =
ρtot
3 [α(−340y
4 + 124y4+ 316xy3
+614x2y2 + 104
√
2y3p)] . (23)
Of course, ωYM = 1/3, whereas ωα is a complicated func-
tion of N that goes, in the asymptotic limit given by
Eqs. (20) and (21), to 1/3; this is numerically confirmed
in Fig. 1f. Regarding the equation of state parameter
for the whole fluid, we have asymptotically ωtot → −1;
this is analytically the case as shown just below Eq. (21)
and it is numerically confirmed in Fig. 1g. Such an in-
teresting built-in self-tuning mechanism to generate an
6 Unless they are near enough an attractor of the dynamical sys-
tem.
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FIG. 1. Dark energy - Numerical solutions and asymptotes
for α = 0.01, g = −4.37 × 10−61, and initial conditions x0 =
−0.187568, y0 = 2, and z0 = 7 × 1027. a) This figure shows
the numerical solution for y/x vs. N (black continuous curve)
as well as the asymptotic behaviour y/x = β (red dashed
curve) with β as in Eq. (21); the pair of curves overlap from
N ≈ 10 onwards. b) Same as before but for z/x. c) This figure
confirms that ρα → −ρYM in the asymptotic limit. d) This
figure presents ΩYM vs. N (black continuous curve) and Ωα
vs. N (blue dashed curve); we can see that the absolute values
of the two density parameters grow exponentially with N . e)
This figure presents H/mP vs. N ; although ρYM and |ρα|
grow exponentially, ρtot ∝
√
H approaches asymptotically a
finite constant value. f) This figure shows ωα vs. N ; in the
asymptotic limit, the negative fluid behaves as radiation. g)
This figure shows ωtot vs. N ; in the asymptotic limit, the
total fluid behaves as a cosmological constant.
5equation of state parameter ω ' −1, in agreement with
the observed equation of state parameter for dark energy
ω = −1.006± 0.045 [49, 50], could not be an ideal candi-
date to explain the dark energy if the asymptotic value
for H did not correspond to the observed value today
H0 = 9.03h×10−61mP with h = 0.678±0.009 [49]. From
the definitions in Eq. (11) and the asymptotic behaviour
described in Eqs. (20) and (21), we obtain
H
mP
→
(
β
γ
)2
= 29|g|√
42837α
, (24)
which is consistent with the numerical solution for H
in Fig. 1e. This reveals that H can reproduce its
presently observed value for a low enough value of |g|:
|g| . 7H0/mP ≈ 4 × 10−60, irrespective of the initial
conditions (for α > 0, see footnote 6). The insensitivity
to the initial conditions can be observed comparing Figs.
1 and 2.
Primordial inflation - Aside the asymptotic behaviour,
the critical points of the dynamical system in Eqs. (17)
- (19) have also been studied. There exist 112 critical
points, 51 of them being unrealistic as they correspond
either to complex values for y or z or to real values for
the same variables but with different signs, other 38 lead
to  ≥ 1, other 6 lead to  < 0 and the other 17 lead
to 0 ≤  < 1. The latter ones are of special interest be-
cause they represent non-phantom accelerated expansion
which, eventually, could be long enough but of finite du-
ration to be ideal candidates to explain the primordial
inflation. 8 out of these 17 critical points are unrealis-
tic too because the inflationary period is only given for
H →∞. From the remaining 9 critical points, 8 are unin-
teresting, most of them because inflation is very short (a
few efolds). So we are left with 1 critical point, a saddle
point indeed, that satisfies all the properties to be iden-
tified with a primordial inflationary period as described
in Fig. 3. Unfortunately, and in contrast to the dark
energy scenario, the primordial inflation in this model is
strongly sensitive to the initial conditions and coupling
constant α.
Further exploration of the model - The model presented
above is so attractive, plausible, and well founded, at
least as dark energy is concerned, that deserves further
exploration. One of the first things to do is to investi-
gate whether the Hamiltonian is actually bounded from
below7. In addition, a complete study of the cosmological
perturbations is required in order to establish the robust-
ness of the model against Laplacian and ghost instabili-
ties, to check the perturbative stability of the isotropic so-
lution, and to calculate the sound speed cs which is a dis-
tinctive feature of any dark energy model [51]. Another
7 As the requirement that the dynamical equations must be, at
most, second order in space-time derivatives is a necessary but
not sufficient condition to avoid the Ostrogradski’s instability.
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FIG. 2. Dark energy - Same as Fig. 1 but with a different
set of initial conditions: x0 = 0.998999, y0 = 10−3, and z0 =
1022.
aspect to explore is the possible attractor nature of the
triad configuration in a more general anisotropic back-
ground (as is done for the Gauge-flation model in Ref.
[43]). However, what is an urgent and necessary matter
to investigate is whether the addition of κL24 can evade
the apparently strong constraints coming from the detec-
tion of the gravitational wave signal GW170817 [16] and
its electromagnetic counterpart GRB 170817A [17, 18]: a
preliminary analysis, following the lines of Ref. [52], sug-
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FIG. 3. Primordial inflation - Numerical solutions for α =
0.00649, g = −0.0001, and initial conditions x0 = 0.0011,
y0 = 1.189, and z0 = 14.911. a) This figure exhibits the slow-
roll behaviour of ψ/mP during some 70 efolds and a final
stage of damped oscillations signalling the radiation domi-
nated epoch. b) Similar behaviour as in the previous figure
but for ψ˙/m2P . c) This figure presents the slow-roll parame-
ters  (blue continuous curve) and η (dashed red curve) vs.
N ; we can see that both  and |η| are well below 1 during
some 70 efolds, implying a period of slow-roll inflation long
enough to solve the classical problems of the standard cosmol-
ogy; at the end of this stage,  and η go to 2, signalling the
radiation dominated epoch. d) This figure presents H/mP
vs. N ; the energy scale of inflation is not in conflict with our
classical treatment for low enough values of |g|. e) This fig-
ure shows Ωα vs. N ; the S term during inflation contributes
with a negative energy density which is neither dominating
nor negligible; it, nevertheless, becomes negligible by the end
of this period. f) This figure shows Pα/PYM vs. N ; the S
term during inflation contributes with a dominating negative
pressure that becomes negligible by the end of this period let-
ting the Yang-Mills term dominate and produce the radiation
dominated epoch.
gest that the coupling with the Riemann tensor in Eq. (3)
does not modify the gravitational waves speed; this sug-
gestion is strengthened by the fact that L6 in the general-
ized Proca theory for an Abelian vector field, which con-
tains a coupling between two gauge field strength tensors
and the double dual Riemann tensor, is not constrained
as it does not alter the gravitational waves speed [11] 8.
The harmful terms seem then to be the couplings with
the Ricci scalar. Thus, an adequate relation between the
α and κ parameters in αL14 + κL24 ⊂ L4 could deacti-
vate the apparently harmful effect of the couplings with
the Ricci scalar, at least for the cosmic triad configura-
tion, making of this model a phenomenologically viable
alternative. Of course, if this is possible, the cosmolog-
ical implications of αL14 + κL24 must be studied having
in mind that the dark energy mechanism presented in
this paper might not be counterbalanced by κL24 9. We
expect to address this issue in a forthcoming publication.
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